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ABSTRACT: Many-chain systems of star polymer molecules in a good solvent have been investigated
using a dynamic Monte Carlo algorithm on a simple cubic lattice. Several bead-jump moves are proposed
for the central part of stars with three and four arms, in addition to the usual combination of bends,
crankshafts, and terminal moves also employed for linear chains. Static properties such as the chain
size, or the mean square radius of gyration, are calculated. It is shown that the ratio of the star size to
that of a linear chain with the same number of units does not change with concentration. The collective
scattering functions are also obtained for different concentrations, and the interchain structure factors
obtained from these functions are compared with those corresponding to linear chains. The dynamics
generated from the Monte Carlo trajectories yields Rouse modes which exhibit the expected dependencies
on the mode number and chain length. Finally, the elastic and rotational relaxation modes of individual
chains are shown to obey dependencies on the arm length and the number of arms that are compatible
with the predictions of scaling theory.

Introduction
Flexible star polymer chains having different num-

bers of arms, f, can currently be prepared through the
use of modern synthesis methods. The conformational
properties of these chains are significantly different
from those of homologous linear chains, due to the great
influence of the central part of the chain, where the
density of polymer beads is very different from that in
the outer parts.1 Scaling2 and renormalization group3

theories have been applied to the description of some
of properties. Numerical simulation is an alternative to
explore more involved properties and verify the theo-
retical predictions.

Although many investigations have examined the
behavior of single star chains, simulation studies of
many-chain systems are scarce.4 Monte Carlo simula-
tions on a lattice are particularly efficient to explore
many-chain systems of linear chains.5,6 In the case of
stars, however, new rules must be incorporated in the
Monte Carlo algorithms with fixed bonds to allow for
changes in the central unit position. Up to now, these
modifications have only been introduced for stars with
three arms.7,8

Scaling theory2 predicts that the size, e.g. the mean
square radius of gyration 〈S2〉, of a single star chain
immersed in a good solvent (excluded volume conditions)
scales with the total number of units N in a way similar
to a linear chain under the same conditions

where ν is a critical exponent, whose value has been
calculated9 to be ν ) 0.588. The ratio g of the size of a
branched (star) chain to that of a linear chain with the
same N, i.e.

can be used to characterize the branching architecture.
Applying Gaussian statistics for the intramolecular
distances between units, i.e., ignoring excluded volume
or any other type of intramolecular interactions, leads

to an analytical formula for the ratio g for ideal chains:

Renormalization group considerations have lead to
the conclusion that eq 3 is also valid for chains in
excluded volume conditions.3 This conclusion has been
verified through experimental measurements and single-
chain numerical simulations. However, g is greater for
single chains at the Θ point due to the influence of
three-body effects in the central region of the star, or
core, which causes an expansion of the arms within this
region. Then, the ratio g is greater for star chains in
the Θ state than for ideal chains.1,3 Moreover, it is
known that the excluded-volume effects are screened
out for chains in melts or in concentrated solutions.9,10

It is not clear, however, if the radius of gyration of the
star (and the ratio g) in these systems should be similar
to that of chains in the Θ state or to ideal chains.

Also according to the scaling theory,2 a semidilute
solution of star chains behaves as a semidilute solution
of linear chains, though it also contains regions of
starlike coronas corresponding to the chain cores.1 The
crossover from the dilute to the semidilute regimes
occurs at Φ = Φ* (Φ is the polymer volume fraction)
where Φ* is the overlapping concentration that can be
estimated as

(assuming that 〈S2〉 is expressed in reduced units,
relative to the length of a single unit). At the overlap-
ping concentration, we expect a qualitative change in
the osmotic pressure. This effect corresponds to a
compensation of the difference in local polymer concen-
tration in the star core with respect to the rest of the
solution.11 The osmotic pressure discontinuity leads to
a peak in the region x ) q2〈S2〉 ≈ 1 (q is the scattering
vector) region of the scattering intensity that indicates
a global ordering at the distance range equal to the
mean size of a chain. The peak is more noticeable for
stars with higher numbers of arms.

〈S2〉1/2 ≈ Nν (1)

g ) 〈S2〉br/〈S
2〉l (2)

g ) (3f - 2)/f2 (3)

Φ = N/(4π〈S2〉3/2/3) (4)
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In a star chain, one can consider the relaxation time
of the global chain shape, τe, obtained from the time-
correlation function of the center-to-arm’s end distance.
τe is clearly conditioned by the interactions in the star
core. This relaxation time is distinguishable from the
rotational relaxation, τD, which defines the time re-
quired for the star to rotate or translate a distance
approximately equal to its size. τD should be nearly
independent of core effects. The scaling theory predicts
that for a single chain in a good solvent1,2

i.e. τe is nearly independent of the number of arms for
chains with the same number of units per arm, Na )
N/f. However, τD is predicted to behave as

Equation 5 has been verified through Monte Carlo
calculations performed with the bond fluctuation
model12,13 and through Brownian dynamics simula-
tions.14 Up to the present, however, the rotational mode
has not been characterized as a single exponential
through any simulation procedure.1

In the present work, we have performed Monte Carlo
simulations of many-chain star systems on a simple
cubic lattice. We consider two different types of func-
tionalities f ) 3, 4. Our algorithm includes specific rules
for the moves of the central beads in these types of
chains. A methodological aim has been to verify that
these rules lead to a correct description of the Rouse
mode behavior, as has been previously shown for the
well-established rules in linear chains.5,6 Moreover, we
have investigated the problems outlined above. Thus,
we have computed the chain size and ratio g as a
function of concentration. Also, we have computed the
collective scattering of the systems and analyzed their
x or q dependence. Finally, the relaxation times τe and
τD have been obtained for single chains and the results
are compared with the scaling theory prediction.

Monte Carlo Algorithm and Numerical Methods
We consider n star chains whose units are placed on

a simple cubic lattice of side L. (The distance between
neighboring sites is taken as the length unit). Units of
the same or different chains cannot occupy the same
site (single occupancy rule). This condition gives rise to
excluded volume or good solvent conditions in dilute
systems. The polymer volume fraction is, therefore, Φ
) nN/L3. Periodic boundary conditions are established,
and an adequately large value of L is adopted to avoid
interactions of a chain with its own image, L g 2N1/2 +
5, according to the criterion established for linear chains
(this condition is more strict for stars having the same
number of units, whose sizes are smaller). All these
specifications are detailed in previous work for linear
chains.15

Configurational changes are introduced by randomly
choosing a polymer unit. According to its position, the
following different jump-moves are considered.

(a) Inner Moves. If the unit is a inner bead placed
between two perpendicular bonds, a kink-jump, involv-
ing these two bonds is attempted, and the unit moves
to the site at the opposite corner of the square partially
defined by these two bonds if this site is not occupied
by a contiguous unit. Otherwise, we try a three-bond

crankshaft, involving also the unit connecting the
chosen bead to the occupied site. These moves are shown
in Figure 1.

(b) Terminal Moves. If the unit is at the end of an
arm, a move is attempted to place the last bond in a
direction perpendicular to its previous position. If the
unit is bonded to an arm end and it is placed between
perpendicular bonds, we choose between performing an
inner kink-jump or changing these terminal bonds
simultaneously to perpendicular positions. The two
types of terminal moves can respectively be considered
as “broken” kink-jumps or crankshafts. Figure 1 also
illustrates the terminal moves.

(c) Central Unit Moves. We introduce specific rules
to move the central unit of the star, which, otherwise,
is considered identical to the rest. (Of course, real star
polymer molecules might possess heavy core-mono-
mers.) The rules are strongly conditioned by the func-
tionality of the central unit. The different types of
attempted moves are illustrated in Figure 2. For f ) 3
we consider a move where the first bonds in two arm
perform a kink-jump, while the first and second bonds
in the remaining arm execute a crankshaft. This move
was previously used by Sikorski et al.7,8 Another pos-
sibility consists of carrying out a “double crankshaft”
involving simultaneously the first two bonds of two
arms, which also bends the first bond of the third arm
to a perpendicular position. In the case of stars with
four arms, we consider a kink-jump involving the first
two bonds in two arms. The first two bonds in the
remaining arm can perform a “double crankshaft” or,
alternatively, are involved in two simultaneous crank-
shafts in perpendicular directions which align the first
bonds of these two arms. Since these more complex
moves can only be attempted for very specific disposi-
tions of units in the central region, we favor the
occurrence of these configurations by performing an
inner move of a randomly chosen contiguous unit (first
bead of an arm) when a central bead move it is not
possible. We have verified that this alternative moves
do not affect to the results for the dynamic properties

Figure 1. Terminal and inner moves: (a) terminal kink-
jump; (b) inner kink-jump; (c) terminal crankshaft; (d) inner
crankshaft.

τe ≈ Na
1+2νf(1-2ν)/2 (5)

τD ≈ Na
1+2νf2-ν (6)
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while significantly increases the acceptance rates of the
central unit moves.

From the dynamic point of view all these moves are
considered to be similar, independently of the number
of bonds implied, following the specifications previously
used for linear chains.5,6 (Reptation moves cannot be
defined for the stars, and they are not used for the
generation of Monte Carlo trajectories in linear chains
in order to avoid a biased dynamics.) A Monte Carlo
step, which is adopted as the time unit in the simula-
tions, is defined to correspond to nN moves so that all
the units have had a single opportunity to be chosen
for one of these bead-jump attempts.

The initial configuration is obtained by randomly
choosing n sites on the lattice that correspond to the
initial positions of the different star central units. New
bonds are randomly added to the different chain arms
complying with the single occupancy rule up to the point
where all the arms have Na units. Configurational
changes according to the prescribed moves are per-
formed simultaneously with the growth of the chains
in order to favor the equilibration of the system. This
equilibration process is particularly costly for nondilute
star solutions that cannot easily interpenetrate due to
the presence of the central cores. (Equivalent algorithms
for linear chains may use the alternative and very
efficient reptation moves for equilibration purposes,
though reptations are never considered in the genera-
tion of the dynamic trajectories.) The equilibration is
subsequently completed after the chains are fully grown.
Typically, we allow for 3 × 105 equilibration Monte
Carlo steps. A similar number of steps are used for the
calculation of properties.

Results and Discussion

(a) Chain Size and Shape. Tables 2-4 contain a
summary of the results for linear and star chains (f )
3 and f ) 4) that directly depend on the mean quadratic
intramolecular distances. We have evaluated 〈S2〉

(where 〈Rij
2〉 are the mean-quadratic intramolecular

distances) for linear and star chains for chains of
different number of units per arms in the range Na )
12-100. Polymer volume fractions vary between Φ ) 0
(single chain) and Φ ) 0.3. The critical overlapping
concentrations, based in eq 4 and the radii of gyration
of the chains in dilute solution are included in Table 1.
It can be observed that the finite values of Φ used in
the simulations correspond to the dilute regime for the
smallest chains but they are beyond Φ* for the longest
chains. log-log fits of the results to eq 1 yield the
numerical values of exponent νN shown in Tables 2-4.
It can be observed that the numerical results for νN for
dilute solutions are in good agreement with the theo-
retical value corresponding to the critical exponent in
excluded volume conditions, ν ) 0.588. When concentra-
tion increases, νN decreases since the excluded volume
effects are screened out. (For an ideal chain, ν ) 1/2).
The rate of decrease does not depend noticeably of the
chain functionality. In Figures 3 and 4, we show
representations of 〈S2〉/N2ν vs Na

-1/2 for the different
types of chains in the dilute and most concentrated
systems,16 using the theoretical values of ν, ν ) 0.588

Figure 2. Central unit moves: (a) f ) 3, kink-jump and
crankshaft; (b) f ) 3 double crankshaft; (c) f ) 4, kink-jump
and double crankshaft; (d) f ) 4, kink-jump and two perpen-
dicular crankshafts.

〈S2〉 ) (1/N2)∑
i

N

∑
j

N

〈Rij
2〉 (7)

Table 1. Overlapping Concentration Φ* for the Different
Chains Estimated from Equation 4 and the Radius of

Gyration at Dilute Solution

f

Na 2 3 4

12 0.27 0.29 0.33
16 0.22 0.24 0.26
24 0.15 0.17 0.19
32 0.12 0.13 0.16
50 0.089 0.096 0.11

100 0.052 0.057 0.063

Table 2. Size and Shape Related Quantities (f ) 2)

νN 〈A〉

theory 0.5;a 0.588b 0.526c

Θ chain 0.5a 0.518d

single chain 0.602 0.556
Φ ) 0.1 0.561 0.525
Φ ) 0.2 0.561 0.550
Φ ) 0.3 0.544 0.539

a Ideal chain. b Excluded volume. c Equation 3 (ideal chain).
d Reference 20, Monte Carlo calculations.

Table 3. Size and Shape Related Quantities (f ) 3)

νN g 〈A〉

theory 0.5;a 0.588b 0.78c 0.361d

Θ chain 0.5a 0.81-0.83e

single chain 0.581 0.75 0.345
Φ ) 0.1 0.583 0.76 0.353
Φ ) 0.2 0.551 0.78 0.339
Φ ) 0.3 0.530 0.78 0.327
a Ideal chain. b Excluded volume. c Equation 3 (ideal chains).

d Equation 9 (ideal chains). e Monte Carlo simulations discussed
in ref 3.

Table 4. Size and Shape Related Quantities (f ) 4)

νN g 〈A〉

theory 0.5;a 0.588b 0.62c 0.273d

Θ chain 0.5a 0.66-0.68e 0.273f

single chain 0.593 0.61 0.243
Φ ) 0.1 0.572 0.63 0.249
Φ ) 0.2 0.563 0.62 0.250
Φ ) 0.3 0.532 0.61 0.240
a Ideal chain. b Excluded volume. c Equation 3. d Equation 9.

e Monte Carlo simulations discussed in ref 3. f Reference 20, Monte
Carlo calculations.
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or ν ) 0.5. It is observed that the dilute chains obey
the expected behavior, exhibiting a slight linear depen-
dence with Na

-1/2. The chains in concentrated systems,
however, show considerably more pronounced depend-
encies on Na, as it can be expected from the noticeable
difference between the fitted values of νN and ν ) 0.5.
In Figure 5, we show the corresponding plots for the
concentrated systems obtained by substituting ν ) 0.5
by the fitted νN. These plots are very similar to those
obtained for the dilute systems. This shows that the
excluded volume is only partially screened out for our

highest concentration, since the investigated values of
Φ are always close to the overlapping concentration or
lower than Φ*.

Consistent with the linear variations of 〈S2〉/N2ν vs
Na

-1/2 we have performed extrapolations of the results
for ratio g, defined by eq 2, to the long chain limit. They
are also included in Tables 3 and 4. Ratios g are
maintained approximately constant for all the different
concentrations and always very close to the theoretical
prediction in the absence of intramolecular interactions.
According to the renormalization group theory, the
excluded volume contributions for linear and branched
chains cancel out in first-order perturbation calcula-
tions.3 Our Monte Carlo results show that the screening
out of excluded volume due to an increase in concentra-
tion depends weakly on the chain architecture. It should
be noted, however, that the ratio g corresponding to
chains in the Θ state (obtained through previous Monte
Carlo simulations) are noticeably higher than the ideal
prediction, due to the arm stretching in the central part
of the star.1,3 The conclusion is, consequently, that the
radius of gyration of stars in a Θ solvent should be
greater than that in the melt state. This conclusion is
also supported by the different numerical values of the
radius of gyration obtained from neutron scattering
data.1

Moreover, we have evaluated the chain asphericity,
characterized by the ratio

where the eigenvalues λk are obtained through the
numerical diagonalization of the 3 × 3 tensor of quad-
ratic components of the radius of gyration. The long
chain extrapolations for the asphericity ratios are also
included in Tables 2-4. Obviously, a higher number of
arms favor more spherical shapes (i.e. smaller values
of 〈A〉). The results for star chains are slightly higher
than the theoretical prediction17

valid only for ideal chains (i.e. for chains without
intramolecular interactions). The presence of excluded
volume effects seem to favor a more spherical shape for
the stars, a result opposite to the trend observed for
linear chains. This feature has been also observed in
previous simulations for single chains.18,19 The present
results for nondilute systems indicate that the aspher-
icities of linear chains suffer a small but noticeable
change when concentration increases, and the results
for the nondilute systems are generally closer to the
theoretical limit for ideal chains. However, the shapes
of star chains are practically constant in the explored
range of concentrations. In fact, they are always similar
to those obtained with excluded volume conditions.
These ratios are noticeably smaller than the ideal chain
values obtained from eq 9 or the Monte Carlo values
previously calculated for single chains in the Θ state.20

(b) Collective Scattering Factor. The collective
static scattering function of the system S(q) has been

Figure 3. 〈S2〉/N2ν (ν ) 0.588) vs Na
-1/2 for linear and star

chains in dilute solutions.

Figure 4. 〈S2〉/N2ν (ν ) 0.5) vs Na
-1/2 for linear and star chains,

Φ ) 0.3.

Figure 5. 〈S2〉/N2ν (ν is the corresponding fitted νN in Tables
2-4) vs Na

-1/2 for linear and star chains, Φ ) 0.3.

〈A〉 )

〈∑
i

3

∑
j

3

(λi - λj)
2〉

4〈(∑
i

3

λi)
2〉

(8)

〈A〉 )
10(15 - 14/f)/f

15(3 - 2/f)2 + 4(15 - 14/f)/f
(9)
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obtained from

where Ri is the unit i position vector of site i. fi is a
contrast factor proportional to the difference between
the local (solvent or polymer unit) refractive index of
site i and the mean refractive index of the system.
Practically we set21

if site i is occupied by the solvent, and

if site i is occupied by a polymer unit.
Moreover, the components of q should comply with

the following restrictions

due to the presence of periodic boundary conditions. S(q)
should be distinguished from the form factor of an
individual chain, P(q), whose study with the present
model has been the object of a separate study.22 The
contribution to the total scattering intensity due to
interactions between different star molecules can ap-
proximately be described in terms of a structure factor
SI(q) so that

We have evaluated SI(q) employing the individual
form factors obtained for the dilute chains. (We showed
in our previous work that P(x) does not depend notice-
ably on the concentration, and we ignore here the
moderate size chain contraction for increasing concen-
trations. This approximation is also used in the analysis
of experimental data1,23 and corresponds to a maximum
error of 11% in the value of x for the present data.
Therefore, it cannot affect to the qualitative aspect of
the functions). In Figures 6-8 we present SI(q) for f )
2-4 at different concentrations. The functions have been
calculated from data obtained in our previous work for
linear chains21 and also from the results obtained with
the present simulations for the f ) 3 and f ) 4 star

chains. We observe that, in general, SI(q) behaves as a
monotonic function. Low increasing values of SI(q) for
linear and star chains correspond to the presence of a
plateau in the scattering function24 for the systems with
concentration beyond Φ*. It should be considered that
the presence of a peak with values of the structure
function higher than 1 at Φ = Φ* is only experimentally
observed for stars of considerably higher functional-
ities.23,24 However, our curves systematically for star
chains exhibit some roughness in the region x1/2 ) 2 for
Φ = 0.1-0.2 which seems systematic and apparently
exceeds the statistical noise. (Errors in our Monte Carlo
data of the scattering data are smaller than 1%.) This
effect is more noticeable for the f ) 4 chains. Since
according to eq 4, Φ* = 0.15-0.20 (see Table 1) for the
considered chain lengths and the three types of chains
(f ) 2, 3, and 4), these irregularities can correspond to
the onset of the ordering peak. This peak should be
small for our stars with low numbers of branches.
Therefore, it can be located below the asymptotic regime
of the curves. Consequently, the present results may
indicate some degree of ordering in the star semidilute
solutions at Φ = Φ*, though this ordering would be more
clearly manifested in stars with a higher number of
arms.

(c) Rouse Modes. The time-correlation functions
corresponding to different Rouse modes can be computed
as

Figure 6. SI(q) vs q〈S2〉1/2 for systems of linear chains and
different concentrations. 〈S2〉 corresponds to the result obtained
with a single linear chain.

S(q) ) L-3〈[∑
i

L3

fi cos(q‚Ri)]
2 + [∑

i

L3

fi sin(q‚Ri)]
2〉 (10)

fi ) -Φ (11a)

fi ) 1 - Φ (11b)

qk ) (2π/L)nk, k ≡ x, y, z, nk ) 1,2, ... (12)

S(q) ) ΦNSI(q)P(x) (13)

Figure 7. SI(q) vs q〈S2〉1/2 for systems of star chains with f )
3 and different concentrations. 〈S2〉 corresponds to the result
obtained with a single star chain with f ) 3.

Figure 8. SI(q) vs q〈S2〉1/2 for systems of stars chains with f
) 4 and different concentrations. 〈S2〉 corresponds to the result
obtained with a single star chain with f ) 4.

Ck(t) ) 〈uk(t)‚uk(t + τ)〉τ (14)
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where

R(t) is a column containing the chain different unit
positions at time t and Q is the N × N transformation
matrix, whose columns are the eigenvectors of the Rouse
connectivity matrix A, as defined in the Zimm and Kilb
theory.25 (The particular form of this matrix depends
on f). It should be considered that, according to this
scheme, the chain exhibits (f - 1)-fold degenerate odd
normal modes, with nondegenerate even normal modes.
Both eigenvalues and eigenvectors can easily be ob-
tained by numerical diagonalization of A. Hydrodynamic
interactions, surely important in dilute conditions,26

cannot be reproduced by our dynamic Monte Carlo
algorithm and are, therefore, consistently ignored in our
determination of the normal modes. (In any case, the
normal modes are only modestly affected by the pres-
ence of hydrodynamic interactions.)

Our numerical time-correlation functions can be
reasonably fitted to single-exponential functions of the
type26

obtaining this way numerical values for the relaxation
times τk for the first four different normal modes, k )
1-4. We have performed long chain limit extrapolations
of the ratios τk/τ1. The log-log fits of these extrapolated
ratios vs k have yielded the negative slopes -ak con-
tained in Table 5 for f ) 3 and f ) 4 and different
concentrations. It is observed that practically all these
values of -ak vary as 1 + 2νN between the values 2 and
1 + 2ν = 2.18, values that correspond to the predictions
of the Rouse theory without and with excluded volume
interactions. Moreover, the slopes show the general
trend of decreasing for increasing concentrations, i.e.,
they tend to diminish when the excluded volume
interactions are screened out. Also, we have performed
log-log fits of τk vs N for Na ) 12-100. The slopes of
these fits, aN, have yielded the exponents contained in
Table 6. The theoretical exponent expected from the
Rouse theory is also 1 + 2ν for the dilute case, though
we expect an increase of aN, due to the strong decrease
of the chain translational diffusion coefficient with the
chain length for nondilute systems.26 (The slopes in
these cases are expected to correspond to -dN + 2νN,

where dN is the exponent of the variation of the
translational diffusion coefficient with N for the given
concentration. The Rouse theory predicts dN ) -1 for
dilute conditions without hydrodynamic interactions,
while dN ) -2 according to the tube model for com-
pletely entangled systems). However, our numerical
values are generally slightly smaller than the absolute
values of those obtained for the k dependence. We
believe that these differences in the dilute solutions are
due to finite size effects associated to the presence of
the core region. This is more clearly shown in the case
f ) 4. Moreover, these results show higher nonsystem-
atic oscillations than the ak values, and a clear tendency
of their dependence with Φ cannot be observed. Previ-
ously obtained values for linear chains, however, ex-
hibited a significant increase of aN for higher concen-
trations.6 It should be considered than the presence of
cores partially inhibits the chains mutual interpenetra-
tion of star chains so that, in the semidilute region, the
decrease of νN for higher concentrations due to the
screening out of excluded volume can partially compen-
sate the increase of -dN caused by entanglement effects.
Despite these effects, our algorithm shows the essential
features associated with the Rouse dynamics. This
serves, in our opinion, as an adequate verification of its
capability to reproduce dynamic properties.

(d) Elastic and Rotational Modes. Intramolecular
interactions in the star core are always present in dilute
conditions. Therefore, some dynamic motions cannot be
easily described in terms of the normal modes. Thus,
we consider the elastic mode corresponding to fluctua-
tions in the global size of the star that can be obtained
as

where RC is the center-to-end distance of any branch.
In Figure 9 we present the logarithmic plot of Ce(t) for
an illustrative case. It is shown that, after an initial
curvature at very short times, a linear behavior gov-
erned by a single relaxation time can be easily distin-
guished. Then, if one disregards the initial part of the
curves, a numerical fit of the time-correlation functions
to a single exponential, similar to eq 16, yields the
elastic relaxation times, τe. The scaling theory predicts
that this relaxation time should vary with the number

Table 5. Fitted Exponents -ak for the τk vs k
Dependencea

f single chain Φ ) 0.1 Φ ) 0.2 Φ ) 0.3

3 2.16 2.10 2.11 1.95
4 2.19 2.09 2.05 2.07
a The log-log fits of the long chain limit extrapolations of τk/τ1

vs k. k ) 1-4.

Table 6. Fitted Exponents aN for the τk vs N Dependence

f k single chain Φ ) 0.1 Φ ) 0.2 Φ ) 0.3

3 1 2.10 2.15 2.12 1.92
2 1.97 2.03 2.04 1.86
3 2.04 2.14 2.11 2.00
4 2.03 2.13 2.04 1.95

4 1 2.04 2.06 2.08 2.09
2 1.93 1.86 1.99 2.04
3 1.98 1.90 2.03 2.07
4 1.95 2.03 2.09 1.97

u(t) ) Q-1R(t) (15)

Ck(t) ) Ake
-t/τk (16)

Figure 9. Semilogarithmic plots of Ce(t) and CD(t) vs t for an
illustrative case.

Ce(t) )
〈RC(τ)RC(τ + t)〉τ - 〈RC〉2

〈RC
2〉 - 〈RC〉2

(17)
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of units and the star functionality according to eq 5. Our
results for τe are included in Table 7, together with the
errors evaluated by the numerical fitting procedure. The
log-log fits of these results vs Na yields slopes of 2.17
and 1.94 for f ) 3 and f ) 4, respectively. The former
value is in excellent agreement with the expected 1 +
2ν theoretical behavior, but the result for f ) 4 is clearly
smaller that the theory prediction (similar differences
with theory were discussed above for the relaxation
times of normal modes in the case f ) 4). Although only
two functionalities are explored, it is clear that a weak
dependence on f is obtained for different chain lengths,
in good agreement with theory. Similar conclusions have
been obtained in previous numerical simulations.12-14

The time correlation functions of the center-to-end
distance

are similarly decaying curves (see Figure 9) which allow
for the definition of the rotational relaxation time, τD.
This is the time required for the star to rotate or to
translate a distance similar to its size. Consequently,
it should not be affected by core effects. The scaling
theory prediction for the corresponding relaxation time
τD is given by eq 6.

In Table 7, we also include our numerical values of
these relaxation times. It can be noted that they are
about a decade larger than the elastic times. Previous
simulations could not characterize this mode as a single
exponential.1,12 The log-log fits of τe vs N yield the
slopes 2.11 for f ) 3 and 1.96 for f ) 4, which are close
to the previously discussed results obtained from the τe
data. The log-log slopes of the variation of τe with f (only
two data points for each value of N) yield a mean value
1.1 ( 0.2. This is clearly smaller than the theoretical
value 1.41, which is based in the scaling theory and,
therefore, it can only hold for high functionalities.
Nevertheless, the present numerical values are consist-
ent with the significantly higher dependence on f that
can be expected for the rotational relaxation times in
comparison with the weak dependence associated to the
elastic relaxation times.
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Table 7. Results for τe and τD

Na

f 12 16 24 32 50

τe × 10-2 3 0.152 ( 0.004 0.242 ( 0.003 0.590 ( 0.003 1.18 ( 0.01 3.23 ( 0.03
4 0.21 ( 0.01 0.269 ( 0.007 0.68 ( 0.02 1.13 ( 0.01 3.19 ( 0.04

τD × 10-3 3 0.164 ( 0.003 0.318 ( 0.003 0.663 ( 0.003 1.19 ( 0.01 3.35 ( 0.01
4 0.257 ( 0.001 0.403 ( 0.002 0.994 ( 0.003 1.72 ( 0.01 4.03 ( 0.02

CD(t) )
〈RC(τ)‚RC(τ + t)〉τ

〈RC
2〉

(18)
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